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We consider three parties, A, B, and C, each performing one of two local measurements on a
shared quantum state of arbitrary dimension. We characterize the trade-off between the nonlocality
of the Bell correlations observed by AB and of those observed by AC. This generalizes Tsirelson’s
bound on the quantum value of the CHSH inequality, the latter being recovered when C is completely
uncorrelated with AB. We also discuss the trade-off between Bell violations and local expectation
values of observables that anticommute with the ones used in the Bell test.
PACS numbers: 03.65.Ud, 03.65.Ta, 03.67.-a
The existence of Bell inequalities [1, 2] and their ob-
served violation in experiments has had a very deep im-
pact on the way we look at quantum mechanics. On the
one hand, it has led to a study of the precise meaning
of nonlocality and opened up the field of entanglement
theory. On the other, it has led to the observation that
Bell violations can be exploited in the design of cryp-
tographic protocols [3]. In that case, an eavesdropper
(C) tries to gain access to some quantum correlations
shared by Alice (A) and Bob (B). If the Bell correlations
between A and B are strong, it can happen that C’s out-
comes will be almost uncorrelated with them, and A and
B will be able to execute a purification protocol so as
to create private randomness. In the present paper, we
will make a precise quantitative statement about the fol-
lowing monogamy property: Suppose A and B violate
a Bell inequality by a certain amount. How does that
bound the possible Bell correlations between A and C?
This is also interesting from the point of view of entan-
glement theory, as it provides monogamy relations inde-
pendent of the size of the local Hilbert spaces. For the
Clauser-Horne-Shimony-Holt (CHSH) inequality, the re-
gion of accessible Bell correlations between AB and AC
turns out to be very simple (see Figure 1).
In the setting where two parties, A and B, share a
quantum state ρ, and each has the choice of two local
measurements, there is just one relevant Bell inequality,
the CHSH inequality [2]. Define the CHSH operator
BAB = A1 ⊗ (B1 +B2) +A2 ⊗ (B1 −B2) , (1)
where A1 and A2 (B1 and B2) are A’s (B’s) observables
and are Hermitian operators with spectrum in [−1,+1].
For particular measurements and a particular state ρ,
the quantum value of the CHSH inequality is defined as
〈BAB〉 = tr (BABρ). All correlations described by local
hidden variable (LHV) models satisfy the CHSH inequal-
ity, |〈BAB〉LHV| ≤ 2, but in the case of entangled quan-
tum systems, this bound can be violated. For example,
on the singlet state of two qubits there exist operators
Ai, Bi such that 〈BAB〉 = 〈ψ−|BAB|ψ−〉 = 2
√
2.
We do not yet know how to calculate a bound on
the maximum quantum value of an arbitrary Bell in-
equality, but a number of ad hoc techniques have been
developed [4, 5, 6, 7]. In the case of the CHSH in-
equality, Tsirelson has proved that |tr (BABρ)| ≤ 2
√
2
for all observables A1, A2, B1, B2, and all states ρ [4].
This Tsirelson bound can itself be violated if we con-
sider more general hypothetical no-signalling theories:
a nonlocal box violates the CHSH inequality maximally,
〈BAB〉NL = 4 [8]. Tsirelson’s bound is a simple math-
ematical consequence of the axioms of quantum theory,
but is there some deeper reason why a violation greater
than 2
√
2 is unphysical? For example, a violation greater
than
√
32/3 ≈ 3.27 would imply that any communica-
FIG. 1: Accessible values of 〈BAB〉 and 〈BAC〉 for classical the-
ories (interior of square), quantum theory (interior of circle),
and no-signalling theories (interior of diamond). Note that
both quantum and no-signalling theories obey monogamy
constraints; classical local hidden variable theories do not.
